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In this paper, an iterative homogenization method is proposed in order to predict the behavior of polydispersed mate-
rials. Various families of heterogeneities according to their geometrical or mechanical properties are progressively intro-
duced into a volume of matrix. At each step, the behavior of intermediate medium is obtained by any analytical
homogenization method and is used as matrix of the following step. All homogenization methods, like dilute strain or
stress approximations, Hashin’s bounds, three phases method, Mori–Tanaka’s approach or for example the N-layered
inclusions method lead to the same eﬀective behavior for the polydispersed material after convergence of the iterative pro-
cess. Moreover, this convergence is obtained even for signiﬁcant fractions of heterogeneities and for highly contrasted or
polydispersed materials. This method is applied to various composites and validated by comparison with other modellings
and experimental results.
 2008 Elsevier Ltd. All rights reserved.
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Most of the composites are highly polydispersed materials made up of various families of heterogeneities
according to their geometrical or mechanical properties. It is the case for example of syntactic foams used
for structural oﬀshore applications which are made up of hollow glass microspheres with various thicknesses
embedded in a polymeric matrix. Multiscale modellings are attractive in order to predict the behavior of these
materials insofar as they allow to take into account informations on the microstructure. That is why many
homogenization methods have been proposed those last ﬁfty years. Their principle consists to apply an
uniform macroscopic loading to a Representative Elementary Volume (REV) of the heterogeneous material.
The equivalent behavior of the material is deﬁned by the relation between the average on the REV of the
induced local ﬁelds and the macroscopic loading (Christensen, 1979; Aboudi, 1991; Bornert et al., 2001).0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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and by the way of applying the macroscopic loading. According to these choices, the resolution of the local
homogenization problem and in consequence obtaining the equivalent behavior becomes then explicit or
requires a numerical implementation. The periodic homogenization devoted to materials with periodic micro-
structures can be listed among the numerical methods of homogenization and is a success for the mathematical
framework (Devries et al., 1989). The increase in numerical resources allows to consider now representative
elementary volumes of the material very close to the real nature of the microstructure which allow to take into
account the granulometry of the materials. Such applications are so currently proposed in order to take into
account the microstructure of polydispersed material, like for example (Kanit et al., 2003; Kari et al., 2007;
Pense´e and He, 2006 or Grondin et al., 2006) for cemented material and (Emeriault and Claquin, 2004) for
granular materials. Although the performances of these numerical approaches, explicit models remain attrac-
tive for their easy implementation and their capacities to test various materials with the aim of optimizing their
properties. Most of these explicit models are based on the solution of an elliptical inclusion isolated in an inﬁ-
nite elastic matrix suggested by Eshelby (1957). Thus, one can cite the dilute approximation devoted to weakly
reinforced elastic materials or the self-consistent model, the generalized self-consistent model (Christensen,
1979; Aboudi, 1991), the model of Mori–Tanaka (Mori and Tanaka, 1973), the morphological approach (Her-
ve´ and Zaoui, 1993; Bornert et al., 1996) or else the diﬀerential scheme proposed by Norris (1985), Zimmer-
man (1991) based on an iterative procedure. Some of these approaches, initially proposed for composites
whose reinforcements are all identical, have been generalized to take into account various behaviors of phases
or a granulometrical dispersion of reinforcements. Thus, Budiansky (1965) has extended the self-consistent
model for composites with several families of spherical inclusions with diﬀerent behaviors and (Phan-Thien
and Pham, 1997) have generalized the diﬀerential scheme. Bardella and Genna (2000) have suggested also a
multiphased homogenization method from morphological model devoted to syntactic foams with diﬀerent
sizes of hollow microspheres.
Those explicit methods which are based on diﬀerent simpliﬁcations of the microstructures lead to distinct
predictions for the equivalent homogeneous behavior of composites. Generally in a relative good agreement
for slightly reinforced, weakly contrasted or dispersed, they can signiﬁcantly diﬀer for highly reinforced or
polydispersed composites. Some of them do not even access to those extreme cases which are through realistic.
On the basis of these remarks, the aim of this work is to propose an homogenization process which allows to
accurately predict the behavior of highly heterogeneous and polydispersed materials, the implementation
being easy and economic. This process consists to improve the classical explicit homogenization methods
by introducing an iterative process following a similar approach to the diﬀerential scheme. The heterogeneous
composite material is elaborated by progressively introducing the reinforcements. It allows to unify the pre-
dictions given by the homogenization methods even in particular in the case of highly reinforced or contrasted
materials. Previously proposed for elastic composites with all identical reinforcements (Brini et al., 2003) and
then for non-linear porous media with all identical pores (Benhamida et al., 2005; Smaoui et al., 2006), the
model is extended here to polydispersed elastic materials. So the simultaneous presence of pores and hollow
inclusions with diﬀerent sizes or diﬀerent behaviors can be introduced into the prediction of the eﬀective
behavior.
In the ﬁrst part of this paper, the homogenization’s principle and equations of the cellular problem are
recalled. The second part presents the extension of the iterative process of homogenization to polydispersed
materials. In the third part, the implementation is validated and the convergence of the process is analyzed.
Finally, some results are presented for various samples of polydispersed materials and comparisons with
experimental results and other numerical or analytical modellings are discussed.
2. Homogenization problem for polydispersed composite materials
We consider a composite material made up of elastic reinforcements, eventually hollow, embedded in an
elastic matrix. Heterogeneities are classiﬁed in m families of identical inclusions according their mechanical
behaviors or their geometrical properties. For example in the case of syntactic foams, families diﬀer with
the ratio of thickness to outer diameter of hollow microspheres ðe=dÞ. We denote D a representative elemen-
tary volume (REV) of this material which is composed of two solid parts, where Da is the volume part occu-
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volume Dri of the families i might be contain a porous volume Dpi . The external boundary of the volume D
is denoted oD;Cr ¼ [Cri designates the interfaces between the matrix and reinforcements and Cp ¼ [Cpi the
interfaces between reinforcements and pores. The bonding between the matrix and each inclusion is supposed
to be perfect.
The principle of the homogenization consists to submit the volume D to an uniform macroscopic load.
Thus, in a strain approach of homogenization, a strain tensor E is applied. This loading induces local ﬁelds
variable in each phases. We denote rðyÞ, eðyÞ and uðyÞ these microscopic stress, strain and displacement ﬁelds
on each point y of D which are solutions of the following cellular problem (Christensen, 1979; Aboudi, 1991;
Bornert et al., 2001):$:rðyÞ ¼ 0; in Da [ Dr;
rðyÞ ¼ aaðyÞ : eðyÞ; in Da [ Dr;
eðyÞ ¼ 1
2
ð$uþ $utÞ; in Da [ Dr;
kuðyÞk ¼ krðyÞ:nk ¼ 0; on Cr;
rðyÞ:n ¼ 0; on Cp;
hheðyÞii ¼ 1j D j
Z
oD
ðuðyÞ  nÞsds ¼ E;
ð1Þwhere aa denotes the stiﬀness tensor of the matrix, ari the stiﬀness tensor of the reinforcement family i and n the
outer unit normal to the considered surface. The symbol k:k indicates the jump of the function on the inter-
face, (:) denotes the product between fourth and second order tensors and ð: :Þs the symmetrized tensorial
product.
The eﬀective homogeneous constitutive law is then deﬁned by the relation between averaged quantities:hrðyÞiD ¼
1
j D j
Z
D
rðyÞdy ¼ a : E ¼ a : hheðyÞii; ð2Þwhere rðyÞ is the stress solution of the problem (1), a the eﬀective stiﬀness tensor in strain approach. This
previous relation can be also written in the form:a ¼ aa þ
Xm
i¼1
siðari  aaÞ : hAðyÞiDri 
Xm
i¼1
/ia
ri : hhAðyÞiiDpi ; ð3Þwhere si ¼j Dri j = j D j and /i ¼j Dpi j = j D j are, respectively, the reinforcement and the pore volume fraction
of the family i, where h:iDri denotes the classical average on the volume Dri ; hh:iiDpi the average deﬁned follow-
ing (1) on the pores boundary and where A is the fourth-order localization tensor deﬁned by:eðyÞ ¼ Aðy; ari ; aa; si;/iÞ : E: ð4Þ
By assuming simpliﬁed geometries for the representative volume and linear behavior of constituents, analytical
solutions of the problem (1) exist and then explicit bounds or approximative values can be given for equivalent
homogeneous parameters (Hashin and Shtrikman, 1963; Christensen, 1979; Aboudi, 1991; Bornert et al.,
2001). For lowly reinforced materials or weakly contrasted, all homogenization methods lead approximately
to the same equivalent homogeneous behavior. But for highly reinforced materials and also for signiﬁcant ra-
tios of rigidity between matrix and reinforcements, the scattering of predictions increases. Some methods, like
both strain and stress approach of dilute approximation, give even non-physical results. In a previous work,
an iterative process of homogenization has been proposed in order to unify the predictions. The eﬀective
behavior is obtained by successive homogenizations of intermediate media and takes into account distur-
bances due to inhomogeneities. Norris (1985), Zimmerman (1991) with the diﬀerential scheme and Mori
and Wakashima (1973) have also suggested iterative procedures. The diﬀerential scheme uses generally the di-
lute approximation method with a stress approach for the homogenization at each step. The Mori and Waka-
shima’s model is also based on the Esheby’s solution and the concept of average ﬁelds. These ﬁelds are
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obtained from the limit of series and after only one homogenization. In comparison with both iterative pro-
cedures, any homogenization method is speciﬁed here and the proposed iterative process can be coupled to
any localization method and not only to methods based on Eshelby’s result. As Mori and Wakashima’s model,
the iterative process is free from the classical irregularities in extreme case and yield identical eﬀective behav-
iors following strain or stress formulations. The proposed iterative process coupled to various simpliﬁed
homogenization methods leads at convergence to the same eﬀective mechanical behavior even for materials
with signiﬁcant fractions of heterogeneities or contrasted components.
Several applications to elastic unidirectional composites, syntactic foams (Brini et al., 2003) and non-linear
porous media (Benhamida et al., 2005) have been proposed. In these works, all heterogeneities have been sup-
posed to have the same behavior and the same size, on the contrary this process is extended in the next section
to polydispersed composite materials.
3. Iterative homogenization process for polydispersed materials
Following a similar principle to the diﬀerential scheme Norris, 1985; Zimmerman, 1991, the proposed iter-
ative process consists in gradually introducing the various families of heterogeneities into the matrix. Each
family i ð1 6 i 6 mÞ present in the composite material with a volume fraction si is divided into N equal ele-
ments with a same volume fraction Dsi ¼ si=N as presented at the Fig. 1. Thus, ðN  mÞ successive interme-
diate media obtained by addition of heterogeneities fractions Dsi are elaborated, until the ﬁnal volume fraction
of reinforcement c ¼Pmk¼1sk is reached. These media are successively homogenized according to the diagram
presented at the Fig. 2.
In this way, at the ﬁrst step, to an initial volume of matrix M0, the ﬁrst element of the ﬁrst family is added.
Then the equivalent homogeneous behavior of this ﬁrst virtual medium is obtained by any homogenization
method. This homogeneous medium constitutes the matrix of the intermediate composite of the next step
which is again homogenized. And the process is reiterated m times by adding at each iteration the ﬁrst element
of family i until obtaining the equivalent homogeneous composite noted Mm1. This process is then repeated N
times for all jth elements of reinforcement families until the ﬁnal volume fraction c is reached. The eﬀective
behavior of the polydispersed material is obtained at this last iteration.
More precisely the equivalent constitutive law of the intermediate composite at the step ði; jÞ is determined
from the relation (3) by addition of the element j of the ith reinforcement’s family to the homogeneous mate-
rial resulting from the previous step ði 1; jÞ:aði;jÞ ¼ aði1;jÞ þ sði;jÞðari  aði1;jÞÞ : hAði;jÞðy; ari ; aði1;jÞ; sði;jÞ;/ði;jÞiDri
 /ði;jÞari : hhAði;jÞðy; ari ; aði1;jÞ; sði;jÞ;/ði;jÞÞiiDpi ; ð5ÞFig. 1. Classiﬁcation of reinforcements.
Fig. 2. Schema of the polydispersed iterative process.
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Aði;jÞ the localization tensor related to the problem (1) where the matrix is the homogeneous media of the step
ði 1; jÞ and where the volume fraction of the heterogeneities is sði;jÞ and the porosity volume /ði;jÞ. These frac-
tions are given by:sði;jÞ ¼ Dsi
1 cþ ðj 1ÞPmk¼1Dsk þPik¼1Dsk ;and in the case of hollow and spherical heterogeneities characterized by the ratio of thickness to outer diam-
eter ðe=dÞi:/ði;jÞ ¼ 1 2 e
d
 3
i
 
sði;jÞ:The iterative process is initialized with the properties of the matrix: að0;1Þ ¼ aa and at each step j with
að0;jþ1Þ ¼ aðm;jÞ.
Thus for isotropic components, if the dilute approximation is chosen for the homogenization of interme-
diate media, averages of the spherical part Aði;jÞs of the localization tensor at the step ði; jÞ can be explained by:hAði;jÞs ðyÞiDri ¼
3kði1;jÞ þ 4lði1;jÞ
3kriaði;jÞri þ 4lði1;jÞ
; ð6Þ
hhAði;jÞs ðyÞiiDpi ¼
3kri þ 4lri
3bði;jÞkri þ 4lri hA
ði;jÞ
s ðyÞiDri ; ð7Þwith
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4lrið1 bði;jÞÞ
3bði;jÞkri þ 4lri ; b
ði;jÞ ¼ /
ði;jÞ
sði;jÞ
;where kc and lc are respectively the bulk and shear moduli of the considered phase c. Expressions of the devi-
atoric part of the localization tensor following dilute approximations are also explicit but not given here for
sake of brevity.
In a similar way, the equivalent compliance tensor of composite medium at the step ði; jÞ is given with the
stress approach of the dilute approximation method by:sði;jÞ ¼ sði1;jÞ þ sði;jÞðsri  sði1;jÞÞ : hBði;jÞðy; sri ; sði1;jÞ; sði;jÞ;/ði;jÞÞiDri þ /ði;jÞsði1;jÞ
: hhBði;jÞðy; sri ; sði1;jÞ; sði;jÞ;/ði;jÞÞiiDpi ; ð8Þwhere Bði;jÞðyÞ is the concentration tensor at the step ði; jÞ related to the chosen homogenization method.
Thus for example, with the dilute approximationmethod and the stress approach, the spherical partBði;jÞs of the
concentration tensor at the step ði; jÞ can be expressed from the localization tensor by the following relation:Bði;jÞs ðyÞ ¼
kri
kði1;jÞ
Aði;jÞs ðyÞ: ð9Þ4. Implementation and convergence tests of the iterative process
The iterative process is ﬁrstly tested in the case of monodispersed composites with identical spherical
reinforcements. Dilute approximations in strain (DA-strain) and stress approaches (DA-stress), the
Hashin’s lower bound (Hashin-UB), the Hashin’s upper bound (Hashin-LB), the Hashin’s spherical com-
posite (Hashin-SC), the three phases method (3 phases), the diﬀerential schema (Diﬀ) and the Mori–
Tanaka approach (MT) are used as initially proposed by their authors following only one step of homog-
enization and then coupled to the iterative process previously described. In addition, these predictions are
compared to numerical results obtained by the homogenization of periodic media (periodic). This method
supposes the microstructure periodic and requires a numerical resolution of the cellular problem posed on
the periodic cell (Devries et al., 1989). For this test, the mechanical properties used are respectively Ea ¼
3.5 GPa and Er ¼72 GPa for the Young moduli of the matrix and the reinforcement and ma ¼ 0:4,
mr ¼ 0:22 for the Poisson’s ratio. Variations of the eﬀective shear moduli normalized by the matrix mod-
ulus versus reinforcement’s volume fraction are plotted in Fig. 3 before iteration and in Fig. 4 after iter-
ation. As expected, before introducing the iterative process, all homogenization methods lead to diﬀerent
predictions for the eﬀective behavior. In particular the diﬀerence can become signiﬁcant for highly rein-
forced composites. Besides, the stress approach of dilute approximations gives here non-physical results
from 50% of reinforcement’s volume fractions. But the coupling of the iterative homogenization process
to the various explicit methods leads to an uniﬁed prediction for the eﬀective behavior after a suﬃcient
number of iterations and this convergence is obtained whatever the reinforcement’s volume fraction is
even for high ones. Similar convergence is obtained with the self-consistent method. The validity domain
of explicit homogenization methods is so extended to high reinforcement’s volume fraction and in partic-
ular both approaches of the dilute approximation method are similar. Moreover, this prediction is in a
good agreement with the periodic homogenization results which can be taken as a reference due to math-
ematical results of convergence. The iterative behavior respects Hashin’s bounds. These bounds are not
violated even for signiﬁcant reinforcement’s volume fraction or for contrasted phases. The iterative process
aﬀects the lower bound and leads to the converged solution. But the upper bound is not aﬀect by the
iteration process. Similar results have been obtained in ﬁber composite (Benhamida and Dumontet,
2003) and non-linear porous media (Smaoui et al., 2006). The extension to anisotropic behavior is also
possible by using Eshelby’s solution (Mura, 1982). At present, the convergence of the iterative process
is heuristic but can be easily explained. At each step of the iterative process, the homogenizations are
indeed made with low reinforcement’s volume fraction and the predictions of all methods are in this case
approximately equivalent.
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Fig. 3. Equivalent shear’s moduli normalized by the matrix modulus versus reinforcement’s volume fraction given by several
homogenization methods before coupling to iterative process.
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homogenization methods after coupling to iterative process.
R. Zouari et al. / International Journal of Solids and Structures 45 (2008) 3139–3152 3145Of course the number of iterations needed to obtain the convergence depends on the reinforcement’s vol-
ume fraction but also on the contrasts of the phases behaviors constituting the composite as can be seen on
Figs. 5 and 6. The convergence of iterative process is compared between two monodispersed composites with
ratios Er=Ea of the Young moduli of reinforcement and matrix equal to 10 and 100, the Poisson’s ratio for the
matrix and the reinforcement being taken for the two composites respectively equal to 0.4 and 0.22. The var-
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Fig. 5. Inﬂuence of the mechanical contrasts of phases: relative distance on the eﬀective Young’s moduli between the strain and stress
approaches of the dilute approximation versus iteration numbers: 1, 5, 10 and 100 for the ratios Er=Ea ¼ 10.
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approaches of the dilute approximation versus iteration numbers: 1, 5, 10 and 100 for the ratios Er=Ea ¼ 100.
3146 R. Zouari et al. / International Journal of Solids and Structures 45 (2008) 3139–3152iation of the relative distance on the eﬀective Young moduli obtained by the strain and stress approaches of
the dilute approximation versus reinforcement’s volume fraction are plotted for several iteration numbers (1,
5, 10 and 100 iterations). The convergence speed varies according to the dispersion between behaviors of var-
ious phases of composite material and more the contrast is important, more the process needs iterations.
Fig. 7. Comparison between the polydispersed iterative process and monodispersed modellings with periodic homogenization: equivalent
shear’s moduli normalized by the matrix modulus versus reinforcement’s volume fraction.
R. Zouari et al. / International Journal of Solids and Structures 45 (2008) 3139–3152 3147The iterative homogenization process is now implemented and tested for polydispersed materials. In a ﬁrst
test, two families of hollow reinforcements are considered with the ratios of thickness to outer diameter e=d
equal to 0.01 and 0.4 and with an equal volume fraction of the two families. The polydispersed iterative pro-
cess is compared to the periodic homogenization method. For this comparison, the periodic cell includes the
both microspheres and the ﬁnite element method MODULEF (INRIA) is used for the resolution (Benhamida
et al., 2002). The eﬀective behaviors given by these polydispersed approaches (polydispersed) are also com-
pared to monodispersed homogenizations. In a ﬁrst approach (monodispersed), the thicknesses of the two
families of microspheres are taken equal to the average of the thicknesses and the equivalent monodispersed
behaviors are obtained by the iterative process and the periodic method with one microsphere. In a second
approach (average of monodispersed), the behaviors of two monodispersed composites each composed of
one reinforcement’s family obtained by the iterative process and periodic homogenization are averaged. First,
the Fig. 7, which presents the eﬀective shear moduli versus the reinforcement’s volume fraction given by all
these methods, shows a very good agreement between the iterative process and the periodic homogenization
in monodispersed modellings as well in polydispersed. For this application chosen with large granulometrical
dispersion of heterogeneities, the polydispersed approaches signiﬁcantly diﬀer from the two monodispersed
approaches and the gap increases with the reinforcement’s volume fraction. This test outlines the necessity
to take into account a granulometrical dispersion for studying the eﬀective behavior of polydispersed
materials.
Finally, the robustness of the iterative process is studied in relation to the order of introductions of the var-
ious families of heterogeneities. A composite with ﬁve microspheres families characterized by their ratio ðe=dÞi
equal to 0.01, 0.02, 0.03, 0.04, 0.05, with equal volume fraction is homogenized following the polydispersed
iterative process. In a ﬁrst case, at each step j of the process, the element j of the family i ¼ 1 are introduced,
then those of the family i ¼ 2 up to the family i ¼ m ¼ 5 (sens 1). The eﬀective behavior is also obtained fol-
lowing the opposite schema from family i ¼ m to family i ¼ 1 (sens 2) and random orders for the introduction
of the families are too applied (sens 3 and 4). Fig. 8 presents the evolution of the eﬀective shear moduli nor-
malized by the matrix modulus versus the microsphere’s volume fraction according to these various orders of
introduction of microsphere’s families. In all cases, the iterative homogenization process leads to the same
eﬀective mechanical behavior of polydispersed composite and as required does not depend on the order of
introduction of the microspheres into the matrix.
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Fig. 8. Inﬂuence of the order of the introduction of the various heterogeneitie’s families on the eﬀective behavior: equivalent shear’s
moduli normalized by the matrix modulus versus reinforcement’s volume fraction for diﬀerent introductions.
Table 1
Mechanical parameters used for the comparison with Budiansky’s model, Budiansky (1965)
Component Matrix Inclusions 1 Inclusions 2 Inclusions 3
Bulk modulus (GPa) 5.83 20 45 100
Shear modulus (GPa) 1.25 10 30 60
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The polydispersed iterative process is now compared to another homogenization methods devoted to poly-
dispersed materials. First, the comparison is about the Budiansky’s model (Budiansky, 1965) and concerns a
multiphased material made up three families of spherical inclusions with equal volume fraction. Mechanical
properties used in computations are reported in Table 1. As it can be seen on the Fig. 9 which presents the
evolution of the eﬀective shear moduli versus reinforcement’s volume fractions, both approaches coincide
for low volume fraction but diverge for volume fractions upper to 50%. But while the Budiansky’s model
(1965) lead to non-physical values, the polydispersed iterative process gives access to equivalent behavior even
for highly reinforced materials.
The polydispersed iterative method is now applied to syntactic foams currently used for naval or oﬀ-shore
applications and compared to experimental results (Dan, 1987). These composites are made up of hollow glass
microspheres embedded in a polymeric matrix. Mechanical data of constituents are respectively Ea ¼ 3 GPa
and Er ¼ 75 GPa for the Young moduli of the matrix and reinforcements and ma ¼ 0:35, mr ¼ 0:22 for the Pois-
son’s ratio. For these materials, the thicknesses of hollow microspheres is very dispersed and classiﬁed from
measurements (Dan, 1987) in six families given in Table 2. The Fig. 10 compares evolutions of eﬀective Young
moduli versus the reinforcement’s volume fraction obtained by three iterative approaches previously described
to experimental results: the polydispersed iterative process (polydispersed), the equivalent monodispersed
modelling (monodispersed) where the material is supposed monodispersed, all the families having the same
ratio e=d equal to the average of the ratios ðe=dÞi and ﬁnally the averaged monodispersed approach (average
of monodispersed) where behaviors of each monodispersed material composed of one family are averaged.
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Fig. 9. Comparison between the polydispersed iterative process and the modelling of Budiansky (1965): equivalent shear’s moduli of
polydispersed materials normalized by the matrix modulus versus reinforcement’s volume fraction.
Table 2
Geometrical parameters for the families of microspheres, Dan (1987)
Family k 1 2 3 4 5 6
ðe=dÞk 0.05 0.025 0.017 0.0125 0.01 0.0083
ck 0.038 0.162 0.142 0.114 0.03 0.0215
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lings prove to be inadequate. Similar conclusions have been obtained with comparisons to other experimental
data (Zouari et al., 2006a).
Finally, the polydispersed iterative process is compared to experimental and modelling results given in the
paper of Huang and Gibson (1993) and also studied by Bardella and Genna (2000). The test concerns several
porous and reinforced composites with various volume fraction. The complete data used for calculations are
detailed in Huang and Gibson (1993). Eﬀective Young moduli for composites obtained by the polydispersed
iterative process and presented in the Fig. 11 are in a good agreement with experimental results of Huang and
Gibson. The iterative model signiﬁcantly increase the predictions given by the simpliﬁed model of Huang and
Gibson above all for highly reinforced composites as it could be expected. The polydispersed iterative process
is also in a good agreement with the modelling of Bardella based on a generalization of the morphological
approach (Herve´ and Zaoui, 1993; Herve´ and Pellegrini, 1995) to polydispersed materials. The convergence
of the iterative process allows to use for example the dilute approximation for successive homogenizations.
Because of this developments and the implementation of the iterative process become very easy even for
strongly polydispersed composites.6. Conclusion
An iterative process of homogenization is proposed in this paper in order to characterize the mechanical
behavior of polydispersed material. This process consists in constructing the behavior of polydispersed media,
by successively introducing small proportions of each heterogeneities families until reaching the ﬁnal rein-
forcement’s volume fraction. At each iteration, a simpliﬁed homogenization gives the behavior of the interme-
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Fig. 10. Comparison between the polydispersed iterative process, monodispersed equivalent modellings and experimental data (Dan,
1987): equivalent Young’s moduli of polydispersed syntactic foams normalized by the matrix modulus versus microsphere’s volume
fraction.
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Fig. 11. Comparison with Huang and Gibson (1993), Bardella modellings Bardella and Genna (2000) and experimental data Huang and
Gibson (1993): Equivalent Young’s moduli of polydispersed syntactic foams versus the volume fraction of microspheres.
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cess lies in the fact that reinforcement’s volume fractions of successive intermediate media are small. So that,
all explicit homogenizations even very simpliﬁed give the same prediction for the eﬀective behavior at each
iteration. In consequence, the iterative process can be equally coupled to strain and stress dilute approxima-
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approaches converge on a same eﬀective behavior of polydispersed materials whatever reinforcement’s volume
fraction or the contrast between phases. The stability of the process with respect to the introduction’s order of
reinforcement families has been tested, as well as the convergence of the process. Confrontations with other
micromechanical approaches and with experimental results show the capacity of the model to predict the
behavior of polydispersed material and limitations of monodispersed approaches.
The process gives also access to accurate ﬁelds at the scale of the microstructure. So, local strains and stres-
ses can be easily obtained from localization and concentration tensors after convergence. Then failure criteria
can given informations about the damage of the microstructure. This approach has been applied to the study
of aging damage of immersed syntactic foams under coupled eﬀects of pressure and aqueous corrosion (Brini
et al., 2003). In this work, foams have been supposed to be monodispersed. In a progress work, the dispersion
of the microsphere’s size is taken into account in order to follow successive failures of microspheres and the
progressive degradation of the foam by corrosion (Zouari et al., 2006b).
The polydispersed iterative process can be extended in non-linear domain by coupling to linearization
procedures. A such extension has been proposed for non-linear porous media by coupling the iterative
process to classical and modiﬁed secant linearizations and applied to compacted argicillous materials
(Smaoui et al., 2006). By following this approach, the non-linear extension for polydispersed materials
is in progess.
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